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Abstract— We present a method of computing reachable
sets for nonlinear discrete-time control systems possessing
continuous symmetries. The starting point is a dynamic
game formulation of reachability analysis where control
inputs aim to maintain the state variables within a target
tube despite disturbances. Our method exploits symmetry
to compute the reachable sets in a lower-dimensional space,
enabling a significant computational speedup. To achieve
this, we present a general method for symmetry reduction
based on the Cartan frame, which simplifies the dynamic
programming iteration without algebraic manipulation of
the state update equations. We illustrate the results by
computing a reachable set for a six-dimensional reach-
avoid game of two Dubins vehicles.

I. INTRODUCTION

The computation of reachable sets has long played
an important role in control theory [1], [2], [3]. Reach-
able sets appear in model-based safety verification of
dynamic systems [4], [5] where reachability analysis
proceeds by either demonstrating that any trajectory of a
system model remains within a set of states labeled safe,
or providing an example of a state trajectory that leaves
the set of safe states. The computation of reachable sets
is also important for computing finite-state abstractions
of continuous-state systems, which allow techniques
from formal methods and model checking to be applied
for automated verification and control synthesis [6].

One of the major challenges of reachability analysis
is the computational cost of solving a dynamic program-
ming recursion on a state space grid. Since the number
of grid points increases exponentially with the state
dimension, it becomes intractable to compute reachable
sets for high-dimensional systems. A number of methods
have been developed to address this challenge includ-
ing projection-based methods [7], decomposition into
subsystems [8], convex relaxations based on occupa-
tion measures [9], [10], methods exploiting monotone
systems properties [11], simulation-based methods [12],
[13], [14], [15] and methods based on support functions
[16], [17].
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Systems that possess symmetries are amenable to
model order reduction techniques that simplify their
analysis. Such techniques have been successfully applied
in many aspects of control engineering including con-
trollability for multi-agent systems [18], stability anal-
ysis of networked systems [19], [20], state estimation
[21], and control of mechanical systems [22], [23].

In this paper, we demonstrate that symmetries of a
control system can be exploited to reduce the dimension
of the state space for reachability computations. We
build on results presented in [24], [25] where we have
shown how optimal control policies can be efficiently
computed via symmetry reduction. We will show that
by exploiting symmetry to reduce the state space, we
can speed up reachability computations by several orders
of magnitude. The main results are the proof of two
propositions that 1) establish that symmetries of the
system dynamics and target tube imply symmetries of
the corresponding effective target sets, and 2) provide
a dynamic programming algorithm for computing the
reachable sets over a reduced state space.

Related results have appeared previously in other con-
texts including symmetry reduction for optimal control
of nonlinear systems [26], [27] and Markov decision
processes [28], [29]. Dimensionality reduction using
symmetry has also been applied in [30] to compute
a lower-dimensional model for a two aircraft collision
avoidance problem similar to the problem we present in
Section III. In contrast with previous work in reachabil-
ity, here we present a general method for computing
such symmetry reductions based on Cartan’s method
of moving frames, which allows us to compute a set
of invariants of the dynamics using only information
about the symmetries they possess. Thus, our method
does not require the explicit algebraic computation of a
lower-dimensional system model, which could facilitate
its application in circumstances where this is difficult.

Our method only requires the ability to evaluate the
state update equations and to verify that they satisfy the
symmetry properties given in Definition 2 but requires
no explicit reduced model. This increases the ease with
which the method can be applied to new systems and
introduces the possibility of developing software pack-
ages generally applicable to computing reachable sets



for systems with symmetries.

We begin by presenting the main results on symmertry
reduction for reachable set computation in Section II.
We then apply these results to a dynamic pursuit-evasion
game of two Dubins vehicles in Section III. Conclusions
and future directions for research are presented in Sec-
tion IV. Software to reproduce the computational results
presented in this paper is available at
https://github.com/maidens/2017-CSL.

II. SYMMETRY REDUCTION FOR DISCRETE-TIME
REACHABILITY

We begin by formulating a discrete-time reachability
problem following the notation described in [31]. We
consider the system

Try1 = f(r, up, wi)

where z;, € X denotes the system’s state at time step
k, uy represents a control input to the system and wy
represents a disturbance. We assume the control input uy,
is allowed to take values in a set ¢/ and the disturbance
takes values in a set W.

We wish to choose a control policy m =
{pos- -y ptn—1} with g : X — U such that for each
k the state zj; remains in a given set X, called the
target set at time k, for any admissible sequence of
disturbances wy,. Together the sets { X, : k=1,...,N}
form a target tube. The goal is to compute a sequence of
effective target sets X, such that for any state =, € X,
there is a control policy 7 such that z; € X; for all
t==k,...,N. Note that if X, = X for all k£ # N, this
is equivalent to finding a backward reachable set [32]
from the terminal set Xy. If X;, = X for all &, this
is equivalent to finding the viability kernel (in the case
with no disturbance) [33] or discriminating kernel [34]
of X . In the case where there is no control input, this
is equivalent to finding the states for which there is no
disturbance in W that can lead the state out of the
target tube.

By introducing stage costs

()= {0 HaeX,
IR = 1 if 2y, € X

we rewrite the problem of keeping the state within the
target tube as a minimax optimal control problem

minimize max J(m, w, xo)
™ weWN
N
subject to  J(m,w,xo) = ng(a:k)
k=0

Tht1 = f(xkvﬂk(‘rk)vwk)

where the minimization occurs over all admissible poli-
cies 7. For a particular value of z, if the optimal value
of the problem is O then zy € X, and if the optimal
value is 1 then zy ¢ Xo. A solution to this problem
can then be found by computing a sequence of value
functions J; : X — R via the dynamic programming
recursion

In(zN) = gn(zN)

Ji(z) = ﬁé% u{gg;cv[gk(xk) + Jer1 (f (T, ug, wi))]

The effective target sets can then be described according
to X = {:L‘k : Jk(xk) = 0}

A. Reachable sets in symmetric systems

We now formalize what it means for a reachability
problem to be symmetric via a transformation group
acting on the system’s states, inputs and disturbances.

Definition 1: A transformation group on X x U x W
is a set of tuples hy = (du, Xa, Vo) parametrized by
elements of a group G, such that ¢, : X — X, xq :
U — U and, ¢, : W — W are all bijections satisfying

o de() =z, Xe(u) = u, Ye(w) = w when e is the
identity of the group G and

o Gaxb(T) = ba © D(T), Xaxb(u) = Xa © Xb(w),
Yaxb(T) = g 0 Yp(x) for all a,b € G where *
denotes the group operation and o denotes function
composition.

Definition 2: We say that the reachability problem
defined by (f, X) is invariant under the transformation
group h if forall a € G

. qﬁa(l'k) € X;, for all z;, € X},

* d);l Ofk(qba(xk)aXa(uk)awa(wk))
= fr(zp,up,wy), k=0,1,...,N—1.

For reachability problems possessing symmetries, the
symmetry extends to the effective target sets in a natural
manner, as demonstrated by the following result.

Proposition 1: Let the reachability problem defined
by (f, X) be invariant under h. If 2, € X}, then for all
a € G, we have ¢, (v;) € Xi. That is, the reachable
set is symmetric.

Proof: We prove this claim by induction on k.
Note that the claim holds for & = NN by assumption
since Xy = X . Now, suppose that it holds for k -+ 1.
Thus for any o € G we have Ji41 0 ¢o = Jp41. Let



a € G and x5, € Xj,. We have

() = mgzll max [gk(mk) + Jit1 (f (2, uk, wi))]
U W

= min max [gk(¢a($k))

up €U wrEW
+ JkJrl ° ¢g1(f(¢a(xk)vXa(uk)»wa(wk)))]

= mnin max [g;(¢a(zk))

+ Tkt 1 (f (Do (Tk), g, Wr))]
= Ji(Pa(r)).

Thus ¢a(l’k) S Xk ]

B. Cartan’s moving frame method

The symmetry property of reachable sets derived in
Proposition 1 can be exploited to improve the efficiency
of reachable set algorithms. To do so for continuous
transformation groups (i.e. when G is a Lie group), we
rely on a formalism based on the moving frame method
of Cartan [35], which we briefly introduce in this section
following the notation of [36].

We assume that G is an r-dimensional transformation
group (with » < n) acting on X via the diffeomorphisms
(ba)acg- We then split ¢, as (¢2,#%) with r and
n — r components respectively so that ¢¢ is invertible.
For some c in the range of ¢“, we can then define a
coordinate cross section to the orbits C = {x : ¢%(z) =
¢} where e is the group identity. This cross section is
an n — r-dimensional submanifold of X. Assume that
for any point z € &, there is a unique group element
a € G such that ¢, (z) € C. If we denote a as y(z),
then the map v : X — G is called a moving frame for
the symmetric system.

The moving frame can be found by solving the
normalization equations:

Py () = c.
We then define amap p: X - R,,_, as

p(z) = ¢z(z) (@).

Note that, for all o € G we have p(¢n(z)) = p(z).
Thus, p is invariant to the action of G on the state space.
Further, the restriction p of p to C is injective, and thus
has a well-defined inverse on its range. Thus we can use
p to define invariant coordinates on X.

In general, the theory of moving frames only guar-
antees that these invariants exist locally. However, for
many problems of practical interest, including the exam-
ple we will present in Section III, the local invariants can
be extended globally. Thus we will present the results
from the next section assuming a global set of invariants
p to simplify the notation.

C. An efficient algorithm for reachable set computation
in symmetric systems

The invariance properties of reachable sets established
in Proposition 1 suggest that this property might be
exploited to reduce the dimension of the space in
which dynamic programming is performed to compute
reachable sets. This can be done by defining a reduced
value function Jy(Z1) = Ji(p~'(Zx)) taking values
on a space of dimension n — r. The following result
establishes that J, can be computed via a dynamic
programming iteration based on the invariants p of the
Cartan frame introduced in the previous section.

Proposition 2: The reachable set can be computed
via a dynamic programming iteration in reduced coor-
dinates:

In(Zn) = gn (7 (@N))

Tu(@y) = '
k(@) = min max g,(p™ (1))

+ Jeea (p(F (P~ (@), uk, wi)))-
Proof: Note that from the invariance property of

Jr4+1 we have that for any k£ and any = € X,

Jk+1($) = Jk+1(¢'y m)( ))
= Jet1(p™ OP°¢7($)( x))
= Jk+1(;0 ( ))
= jk+1(,0( ))-
Thus we have
Jk( k) = Je(p~ (Ik))
zgéalglg%[gk(ﬁfl(ik))
+ Jk+1(f(ﬁ71(i'k)a U, wk))]
= mnin max [g,(p~" (Zk))

+ Je1 (p(f (0 (@), uk, wi))))-

|
Note that in this recursion Z; parametrizes a space of
lower dimension than X. Thus the dynamic program-
ming iteration can be performed much more efficiently.
Further, the dynamic programming iteration can be
performed for general state update maps f without any
knowledge of f beyond being able to evaluate it and
verify its symmetries.

ITI. APPLICATION: REACHABILITY PROBLEM WITH
TWO DUBINS VEHICLES

In this section, we demonstrate how these results
can be applied to a reach-avoid game of two identical
Dubins vehicles, as depicted in Figure 1. Vehicle 1
wishes to reach a configuration in which it can view
vehicle 2 using a forward-facing camera mounted on its



hood, whereas vehicle 2 wishes to avoid reaching such
a configuration where it has been detected. Using the
theory developed in this paper, we demonstrate how the
reachable set for a six-dimensional model of this system
can be computed by gridding a reduced state space of
dimension three.

Vehicle 2

Vehicle 1

Fig. 1: Tllustration of the two vehicle reachability prob-
lem

A. System model

The state of vehicle 1 is modeled by variables (z, y, 6)
representing a two-dimensional position (z,y) € R2?
along with a heading 6 € [0,27) while the state
of vehicle 2 is modeled by variables with the same

interpretation denoted (Z,¢,6). The dynamics of each
vehicle are governed by the equations

Zk+1 = 2k + vg cos(O)
Yk+1 = Yk + Uk sin(f)

1
0k+1 =0, + ka sin sy,

where vy describes a velocity input, s, describes a
steering angle input and L is a parameter that determines
the vehicle’s turning radius. Inputs are assumed to be
constrained to the sets vy € {0,Vi..} and si €
{_Smaxa 07 Smaz}~

Vehicle 2 wishes to remain outside the shaded region
in Figure 1 at all times. This can be formulated via the
cost function

E-2?+@-y?<r
- 1 if and

r.y.0.2.7.0) = (=2) cos 04 (§—y) sin6
gk( Y, 0,2, Y, ) (G=—2)+(1—1)2

0 otherwise.

> cose

B. Model symmetries

This problem exhibits symmetries corresponding to
the rigid motions in two-dimensional Euclidean space,
that is, the symmetry group is the three-dimensional
group G = SE(2). Let us denote the full state, input,
and disturbance vectors of the system as

2k
Yk
T = ?k Uk = [{jk:| Wg = |:vk:|
2k Sk Sk
Uk
Ok
and the rotation matrix
cosp —sing 0 0 0 0
sinpp cosp O 0 0 0
R — 0 0 1 0 0 0
1 0 0 0 cosep —sinp 0
0 0 0 sinp coseg O
0 0 0 0 0 1

If we define coordinates on G = SE(2) in terms of
a rotation angle ¢’ and a translation by (z’,%’) then
we claim that the dynamics are invariant under the
transformation group hy = (da, Xas o) Where

Z/
y/
!/
Dy 00 (@) = Row + |
/
o
X(z/’y/’e/)(u) =Uu
w(z/7y/79/)(’(,l)) = Ww.

For this system, the moving frame ~ can be computed
by solving the normalization equations

cosys —sinys 0] |z T
0=¢5(x) = |sinyg cosys O (22| + |72
0 0 1] |z3] Y3
which give
cos(—z3) —sin(—z3) 0] [z
v(z) = — [sin(—x3) cos(—z3) O] [z
0 0 1_ T3

—X1COSX3 — X Sinxg
= | xzysinx3 — xocoSx3
15



Three invariants can then be computed as

p(x) = ¢:(z) ()

cos(y3(z))  —sin(ys(z)) O] |4 71()
= |sin(ys(z)) cos(ys(x)) Of |zs5| + |r2(z)
0 0 1| |6 ~v3(x)

(x4 — 1) cosxs + (x5 — z2) sinxs
—(x4 — x1)sinzg + (x5 — x2) cosxy
Teg — T3

Restricted to the cross-section
{r:0=19¢%x)=[21 22 3] }, pis injective, with
inverse given by

Blooo

8] 8
(V]

3

Using p and p—!, we are now able to compute the

reachable sets via the recursion given in Proposition 2.

Note that the reduction functions p and p~—! are
computed based only on the symmetries of the system,
and do not depend on the system dynamics. This is
in contrast with more ad hoc approaches where the
dynamics on a lower dimensional space are computed

algebraically.

C. Simulations

We compute the reachable set for this system with
parameter values L = 1, V00 = 0.05, Spee = 1,
e = 15° and r = 0.5 over a horizon N = 10. The
resulting reachable set, computed on a 51 x 51 x 51 grid
is shown in Figure 2. Python software to reproduce these
plots is available online at
https://github.com/maidens/2017-CSL.

The effective target set in the reduced space defined
by p can be interpreted in terms of a moving coordinate
system where vehicle 1 is frozen at the origin. Thus
this general method is able to automatically reproduce
intuitive results similar to those resulting from a model
derived by hand in [30]. Vehicle 2 has a winning strategy
for avoiding the blue detection region whenever it begins
outside the transparent region plotted in red. But if
vehicle 2 begins inside the red region, vehicle 1 has
a strategy that can force vehicle 2 into the blue region.

D. Timing experiments

To illustrate the computational savings that this tech-
nique provides, we compare the symmetry reduction
approach with a baseline approach that does not exploit
symmetry for computing the reachable sets using a

(a) View from above in (Z1,T2) plane.

(b) Three-dimensional view of (Z1, T2, Z3).

Fig. 2: Two views of the reachable set computed for the
Dubins vehicle problem. The complement of the target
set X} is shown in solid blue. The complement of the
effective target set X is shown in transparent red.

varying number of grid points in each state dimension.
The dynamic programming recursion is implemented in
non-optimized python code run via the standard CPython
interpreter on a laptop computer with 2.3 GHz Intel
Core i7 processor and 8 GB memory. Wall time to
compute the reachable set over a horizon of N =1 is
shown in Table I. The results demonstrate that symmetry
reduction can accelerate reachability computations by
several orders of magnitude.

Number of grid points in each dimension 5 11 51

Wall time for reduced model (seconds) 0.866 | 10.2 | 953

Wall time for baseline model (seconds) 176 * *

TABLE I: Comparison of running time for symmetry-
reduced reachable set computation compared against a
non-reduced baseline across for various grid densities.
The character * denotes that the computation timed out
after 7200 seconds.



IV. CONCLUSIONS

We have presented a general method for reducing the
complexity of reachable set computations for discrete-
time systems with symmetries. This method can be used
to substantially accelerate reachable set computations,
and can be performed without any knowledge of the
state update map beyond being able to evaluate it and
verify its symmetries.

Future work will focus on extending these results
to the continuous-time setting through the study of
viscosity solutions of Hamilton-Jacobi-Isaacs partial dif-
ferential equations.
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